
Chapter 1

Intr oduction & Literatur eSurvey

1.1 Background

Understandingandpredictingturbulent �o w is vital for a wide rangeof applications,from weather

predictionto cardesign.Thephenomenathatareobservedin turbulent�o ws,suchasthebeautifuland

intricateeddystructures,arealsofascinating.Turbulenceis characterizedby its disorderor apparent

unpredictability. It typically hasa large rangeof lengthandtime scales:in atmosphericturbulence

the eddiesmay rangein sizefrom centimetresup to hundredsof kilometres. The rapidly changing

velocity �eld in turbulent �o ws encouragesrapid mixing which enhancesdiffusion of momentum,

massandheat. This featurecanbe advantageousif onewantsto remove heator mix �uids, or it

can be disadvantageousif, for instance,one wantsto minimize friction drag. Turbulenceis also

dissipative, meaningthatenergy mustbeconstantlysuppliedto the�o w in orderfor turbulenceto be

maintainedor elseit will decay(a commonlycited examplebeingthe motion of stirredliquid in a

cup,wherethe�uid eventuallyceasesmoving). This dissipationof turbulentkinetic energy is linked

to an“energy cascade”,whereenergy is suppliedto thelargesteddiesby shearingmotionsin thebulk

�o w, which interactwith andtransferenergy to smallereddies. In the smallesteddiesthe velocity

gradientsarelargestandviscousactionconvertskinetic energy into heat. Whilst it is in�uenced by

the�uid viscosityanddensity, turbulenceis not a materialpropertyof the�uid but a continuum�o w

phenomena(continuumin thesensethattheminimumlengthscalein aturbulent�o w is alwaysmuch

greaterthanthemeanfreepathof itsconstituentmolecules).Theturbulenceconsideredin thisthesisis

alsothree-dimensional.Turbulencecanoccurin 2-D but it exhibits behaviour unlike 3-D turbulence,

in particulartheenergy cascadeseemsto work in reverse,leadingto largerandlargereddies.

Turbulent �o w predictionshave evolved signi�cantly during the lasthalf-century, largely dueto

theappearanceof digital computersin the1950's and60's,andtheirexponentialincreasein process-

ing power over thefollowing decades.Beforetheadventof computing,predictionsweremadeusing

eitherempiricalcorrelationsor integral methods.The latter approachinvolves the solutionof ordi-

narydifferentialequations(in 2-D �o ws) throughtheuseof integral parameterssuchasmomentum

thicknessandskin-frictioncoef�cient (by assumingpro�les or shapefunctions,seefor example[1]).
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This approachis limited to fairly simple �o ws which do not involve boundary-layerseparationor

recirculation,but is still commonlyusedin industry[2].

At present,thereare� vemainapproachesto predictingturbulent�o w. The�rst andconceptually

thesimplestapproachis to solve directly theequationsgoverning�uid �o w, theNavier-Stokesequa-

tions. This so-called“Direct NumericalSimulation” (DNS) hasthe advantagesof not needingany

assumptionsof theturbulencebehaviour andhencedatafrom DNS is oftenusedin a similar manner

to experimentalresults(thebonusbeingthatquantitiesthatcannotbedeterminedexperimentallycan

easilybeexamined,asall �o w parametersarecalculated).In fact it haseven beenusedto estimate

themeasurementerrorsin experiments(see,for example,Moin & Mahesh[3]). DNS is alsoproving

usefulfor examiningthe internalmechanismsof turbulenceandtransitionfrom laminarto turbulent

�o w. Thedisadvantageof DNS is thecomputationalexpense:massively parallelcomputershave to

beusedandcomputationsarelimited to relatively low-Reynolds-number�o ws with a small ratio of

largeto smalleddies.Thishighcostis dueto thenatureof turbulenceitself. In orderfor turbulenceto

berepresentedaccuratelyit is necessaryto resolveall thelengthandtimescalesof the�o w. Tennekes

& Lumley [4] showedthatthecomputationalcostscaleswith thecubeof theintegral-scaleReynolds

number, Re3
l . It is thereforeunlikely thatDNS will beusedroutinely in engineeringcalculationsfor

theforeseeablefuture,althoughit is invaluableasa tool for providing very detaileddatawhich may

beusedto helpdevelopor to validateturbulencemodels.

The secondapproach,Large Eddy Simulation(LES), usesa coarsergrid thanthat employed in

DNSandappliesthe�ltered Navier-Stokesequations(effectively N-Sequationsaveragedoverasmall

region of space). Sincethe grid cannotdiscernthe smallestscalesof turbulence,a sub-grid-scale

modelis usedto accountfor thedissipationof energy at thesmallestscalesandany “backscatter”of

energy from thesmall to thelargescales.Thelarge-scalemotions,which areresponsiblefor mostof

the transportof momentumandturbulenceenergy, arecomputedexplicitly anddo not requiremod-

elling. Therefore,it is anticipatedthatthismethodshouldbemoreaccuratethantheRANS approach

discussedbelow, in which all turbulent scalesaremodelled. LES was �rst developedfor applica-

tion to weatherprediction,but is increasinglybeingusedthroughoutthe engineeringandscienti�c

communities.However, the relatively high computationalexpensestill limits LES to analysisand

trouble-shootingratherthanasanaid to engineeringdesign1.

Thethird approachusesReynolds-AveragedNavier-Stokes(RANS)equations.Heretheturbulent

�o w is consideredasconsistingof two components:a�uctuating partandameanor averagepart.The

mean�o w is calculatedusingRANS equationswhich areobtainedby averagingthe Navier-Stokes

equationsover time, spaceor usingensembleaveraging.Theequationslook very similar to theun-

averaged(instantaneous)Navier-Stokesequationsbut for anadditionalnon-linearterminvolving the

Reynoldsstress,uiu j (whereui is the �uctuating velocity andtheoverbardenotesReynoldsaverag-

ing). A transportequationcanalsobe derived for the unknown Reynoldsstress,but this involves

1For example,atpresentin UMIST anopposedwall-jet �o w is beingexaminedusingbothLESandRANSapproaches.
TheRANSsimulations(usingatwo-equationmodel)takeapproximately6 hourswhereastheLESsimulationstakebetween
1 and2 weeks,on thesameplatform,dependingongrid resolution.
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additionalunknown third-orderterms(uiu juk). Likewise,theexpressionfor uiu juk involvesunknown

fourth momentsandso on. This issueof specifyingthe Reynoldsstressis known asthe turbulence

modelling“closureproblem”. Theclosureproblemis alsocomplicatedby thefactthattheReynolds

stressmaydependuponnon-localevents.In theexactequationfor uiu j therearetermsinvolving the

�uctuation pressure,p, for which onecanderive a Poissonequation.This equationcanbe solved,

usingGreen's functions,but the valueof p at any point in the �o w is found to be a function of the

velocity at all points throughoutthe whole �o w domain. “Single-point” closuresassumethat the

Reynoldsstresscanbecalculatedin termsof local parameters.Varioussingle-pointturbulencemod-

elsexist which attemptto approximateuiu j , rangingfrom simplealgebraicexpressionsto additional

transportequationsfor eachof the six independentReynoldsstresses.Thesemodelsarediscussed

below (Section1.2).

Solving the RANS equationswith a single-pointlinear eddy-viscositymodel(discussedbelow)

canbe thoughtof assolving theNavier-Stokesequationsfor a laminar�o w (i.e. themeanvelocity)

but with amodi�ed �uid viscositywhich is a functionof thelocal turbulencebehaviour. If the�o w is

stationary(i.e. if theaveragedvelocity �eld doesnotchangeover time) it is notnecessaryto compute

the time-dependent�o w behaviour with a RANS scheme,unlike DNS or LES wherethe �o w must

alwaysbeconsideredasunsteady. Symmetrycanalsobeusedto reducethecomputationaldemands

whereappropriateso,for example,theaxisymmetricimpinging jet studiedin this thesiswastreated

asessentiallya 2-D problem.DNS andLES on theotherhandrequirefull 3-D solutionsin orderto

model3-D turbulence.The RANS approachusingsingle-pointclosureis thereforeeconomicaland

�e xible andis widely usedin industryfor bothdesignandanalysis.

The fourth methodof analyzingturbulent �o ws involves “multi-point” or in mostcasessimply

“two-point” correlations.Herethe turbulent statisticsat two separatepointsin spaceareused.The

analysisis complex andthe resultingequationsaresometimesintractable. Researchis principally

beingundertakenby twogroups,L'EcoleCentraledeLyonandtheLosAlamosNationalLaboratories.

Complex turbulent �o ws have beenexaminedusingtwo-pointclosures,but only in relatively simple

geometries.Whilst this approachis unlikely to be usedin practicalengineeringapplicationsin the

nearfuture, the theoriesdevelopedin two-point closuresgive insight into someof the physicsof

turbulent interactionsandprovide guidancefor thedevelopmentof single-pointturbulencemodels.

The�fth and�nal approachtopredictingturbulent�o w usesProbabilityDensityFunctions(PDFs).

A PDFexpressesthe likelihoodof anevent takingplaceperunit samplespace2. Themeanvelocity

andReynoldsstressarethe �rst andsecondmomentsof theEulerianPDFof velocity. Therefore,if

the shapeof the PDF canbe determinedthenthe closureproblemcanbe solved. An equationfor

the velocity PDF canbe derived from the Navier-Stokesequations.In this equationthe convective

transportandthemeanpressuregradienttermarein closedform but theremaining�uctuating pres-

sureandviscoustermsrequiremodelling.Variousmodelsfor thePDFequationaredetailedby Pope

2For example,if thereis a uniform probability of velocity, V, beinggreaterthanoneand lessthan threemetresper
second(i.e. anequalchancethatV will take any valuebetween1 and3 m=s), thenthePDFwill bea constantvalueof 1=2
betweenV = 1 andV = 3.
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[5]. This methodhasmostlybeenappliedto reactive �o ws becauseit avoids theneedfor additional

closureapproximationsin thechemicalreactionequations.For simplernon-reactive �o ws,thecurrent

PDFmodelsinvolving particlemethodsleadto increasedcomputingtimescomparedto single-point

Reynolds-stressmodels.As yet, therehave notbeensuf�cient comparative studiesbetweenPDFand

Reynolds-stressmodelsto draw any �rm conclusionsasto their relative accuracy.

For simplicity, the above discussionhasbeenlimited to the � ve main approachesto predicting

turbulent �o w. Therearenumerousotherhybrid methodsin which, for example,anunsteadyRANS

calculationis usednearsolid boundarieswhile LES is appliedin thebulk of the �o w (an approach

dubbed“DetachedEddySimulation”,DES).An interestingdiscussionof hybrid methods(including

DES,VLES andURANS) is providedby Spalart[6].

The objective of the work presentedin this thesisis to develop a new wall boundarycondition

suitablefor simulationsusingRANS equationsandsingle-pointReynolds-stressmodels(the third

of the above � ve approaches).The following sectionsreview single-pointReynolds-stressmodels,

near-wall �o w phenomenaandcurrentapproachesusedin modellingthenear-wall �o w behaviour.

1.2 Turbulencemodelling

TheReynolds-averagedcontinuityandmomentumequationscanbewritten in Cartesiancoordinates

asfollows:
¶r
¶t

+
¶

¶x j
(r U j ) = 0 (1.1)
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� r uiu j

�
(1.2)

whereupper-caseUi andP denoteReynolds-averagedvelocity andpressure,r is the density, µ is

themolecularviscosity, l is thebulk viscosityanddi j is theKronecker delta. Expandingtheabove

expressionsin three-dimensionsgives4 equations(continuity andthreemomentumequations)and

10 variables:threevelocity components(U, V andW), pressureandsix independentReynoldsstress

components3. To closethis systemof equations,an expressionfor the Reynoldsstressneedsto be

found. Boussinesq,in the late nineteenthcentury, approachedthe turbulenceclosureproblemby

assumingtheturbulentstressto beproportionalto thestrainrate,introducinganapparentor “ eddy”

viscosityasthescalarproportionalityterm. Theturbulenceclosureproblemthereforechangedfrom

calculatingsix Reynoldsstressesto �nding oneeddy-viscosity. Oneof the simplestapproachesto

calculatingthiseddy-viscosityhasbeenthemixing lengthmodelwhichwasderivedindependentlyby

G. I. Taylor [7] andL. Prandtl[8]. Here,thefollowing expressionis obtainedfor theeddy-viscosity

in a simpleshear�o w in which¶U=¶y is theonly strain-rate:

nt = l2
m

�
�
�
�
¶U
¶y

�
�
�
� (1.3)

3Thereareonly six independentcomponents,sinceuiu j is a symmetrictensor(uiu j = u jui).
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Themixing length,lm, is a characteristicof the local �o w andis prescribedalgebraically. Thereare

noadditionaltransportequationsto solveandsothemixing lengthmodelis referredto asanalgebraic

or zero-equationmodel. The problemis now a questionof how to prescribethe mixing length,l m.

In the fully-turbulent region of equilibriumboundarylayers,lm canbe describedby a simplelinear

expression,lm = ky; wherey is thedistancefrom thewall andk thevonKármánconstant.However, in

morecomplex �o ws lm mustbevariedconsiderablyto obtaingoodexperimentalagreement.Another

limitation of the simplemixing lengthmodel is that it predictsthat the turbulent viscosityvanishes

whenthestrainrate(¶U=¶y) is zero,asmayoccurfor examplein separatedboundarylayers,whereas

in reality theeffectsof turbulencecanbesigni�cant in suchregions.

A slightly moresophisticatedclassof modelsinvolvesthesolutionof a transportequationfor a

turbulenceparameter. Prandtl's one-equationmodel[9] solvesa transportequationfor the turbulent

kineticenergy, k, sothattheeddy-viscosityis givenby:

nt = cµk1=2l (1.4)

wherecµ is a constantand l is a prescribedlength scale. In this model, the problemassociated

with turbulent viscositybecomingzerowherethe velocity takes a maximumor minimum value is

overcomeby usingk1=2 asa velocity scale.However, aswith thezero-equationmodels,its weakness

is the algebraiclength scaleprescription: a different algebraicexpressionneedsto be appliedfor

different�o w geometry. A morerecentone-equationmodelby Spalart& Allmaras[10] whichsolves

atransportequationdirectlyfor nt hasbeenquitesuccessfulin predictingattached�o w aroundairfoils

[11]. However, it performslesswell in separated�o ws andthemodelrequirestheprescriptionof a

wall-distancewhichcanbedif�cult to specifyaroundabodyof complex geometry.

Two-equationeddy-viscositymodelsinvolvethesolutionof transportequationsfor two turbulence

parameters(usually turbulent kinetic energy anda secondindependentvariable). This enablesthe

calculationof thevelocityandlengthscaleswhichareusedto calculatetheeddy-viscosity. Therehave

beenmany two-equationmodelsusingavarietyof differentchoicesfor thesecondvariable(e.g.e, kl ,

w, w2, t ). Themostpopularschemefor the last20 yearshasbeenthek � e model. The“standard”

versionof themodelwaspresentedby Jones& Launder[12] with improvedvaluesfor constantsand

dampingfunctionsgiven later by Launder& Sharma[13]. In the k � e modelthe eddy-viscosityis

calculatedfrom:

nt = cµ
k2

e
(1.5)

wherecµ is a constantof proportionality, which is normallyde�ned empiricallyby considering�o w

underlocal equilibrium. Thequantitye is therateof dissipationof turbulent kinetic energy perunit

mass,which appearsdirectly in the k-equationasa sink term. The dissipationratecanbe thought

of physically as the speedat which turbulent kinetic energy is transferredfrom large scaleeddy-

motion to smallerscales(sincethe rate of dissipationby the small eddiesis equal to the rate of

energy transferfrom the large eddies).An exactequationfor the transportof e canbederived from
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the de�nition of the dissipationrate4 but the expressionincludesmany unknown terms, including

doubleandtriple correlationsof �uctuating velocity, pressureandvelocitygradients(see,for example

[14]). The modellede-equationof Launder& Sharmawasthereforedevisedmoreby intuition and

empiricalreasoning,following theearlierwork of Chou[15], Davidov [16] andHarlow & Nakayama

[17]. Reasonablyaccuratesolutionshave beenobtainedusingthe k � e model for a wide rangeof

industriallyrelevant�o ws.

Anotherpopulartwo-equationmodelsolvesa transportequationfor the “turbulencefrequency”

or, morecorrectly, thedissipationrateperunit turbulentkinetic energy, w, asthesecondparameter5.

Thisapproachwas�rst suggestedby Kolmogorov [18] andin morerecenttimesthemajorproponent

of thek� w modelhasbeenWilcox. In hisbook[14], Wilcox discussestheperformanceof k� eand

k� w modelswith referenceto freeshear�o ws,boundarylayersandseparated�o wsandreportsthat

thek� w modelperformswell in 2-D boundarylayerswith adverseor favourablepressuregradients

andin recirculating�o ws,but suffersfrom increasedsensitivity to freestreamboundaryconditionsin

freeshear�o ws. Sincethedissipationrate,e, tendsto a �nite valueat thewall andk falls to zero,w

(= e=k) tendsto in�nity . To overcomethis problem,wall boundariesarehandledby prescribingthe

valueof w at the�rst nodeadjacentto thewall. For a review of oneandtwo-equationmodelssee,for

example,Pope[5] or Pateletal. [19].

Menter [20] adopteda pragmaticapproachto two-equationmodelling, taking the bestaspects

of both k � e andk � w modelsandblendingthe two. In the ShearStressTransport(SST)model,

thek � w modelis appliedin the inner region of theboundarylayer (nearthewall) whilst thek � e

modelis usedin the outerregion andin free shear�o ws, to remove the k � w model's dependence

uponfreestreamturbulencelevels. The expressionfor eddy-viscosityis alsomodi�ed to make the

shearstressproportionalto thekinetic energy in theboundarylayer. Two blendingfunctions,which

employ thedistancefrom thewall, areusedto switchbetweentheturbulencemodelsandto modify

µt . The SSTmodelhasbeendemonstratedto performwell in a variety of �o ws including adverse

pressure-gradientboundarylayersandtransonic�o ws.

Whilst linear eddy-viscositymodelsare, in general,relatively easyto implementandgive rea-

sonablepredictionsof attachedboundarylayer �o ws, they have a numberof limitations. In simple

shear�o ws wherethe velocity U = U(y), the normalReynoldsstressespredictedby a linear EVM

areisotropic(i.e.u2 = v2 = w2 = 2k=3) whereasexperimentsandDNSstudies[21] indicatethatthere

is normal stressanisotropy with 0:5u2 � v2 � w2. Whilst this may not be in�uential in correctly

predictingthe dynamic�eld in a simpleshear�o w, Brundrett& Baines[22] showed that the cor-

rectpredictionof normalstressanisotropy is vital in predictingsecondary�o w in non-circularducts.

In impinging�o ws, linearmodelswhich have theturbulentkineticenergy productionproportionalto

thestrain-ratesquared
�
Pk µ S2

�
overpredicttheturbulentkineticenergy nearthestagnationpointand

4Thedissipationrateof turbulentkinetic energy is de�ned as:e= n ¶ui
¶xk

¶ui
¶xk

.
5One can transform the modelled e-equationinto the w-equationby re-tuning the constantsand introducing an

additional cross-diffusion term. This source term can be derived from the de�nition (w = e=k) and expanding
(De=Dt = wDk=Dt + kDw=dt) usingthetransportequationsfor k andw.
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thereforepredictfarhigherheattransferratesthanoccurexperimentally(seediscussionin Chapter5).

In addition,a linearmodelpredictsa linearvariationin swirl velocitywith radiusin afully-developed

swirling shear�o w in a pipe,althoughexperiments[23] indicatethat thepro�le is non-linear. Like-

wise,theasymmetricvelocitypro�le thatis observedin afully-developedcurvedchannel�o w cannot

bepredictedwith a linearEVM without curvaturecorrections[24].

More sophisticatedDifferentialStressModels(DSMs),alsocalledSecond-MomentClosuresor

Stress-TransportModels,areableto overcomethis inability to accountproperlyfor rotationalstrains

andtheinaccuratepredictionof normalstressanisotropy. Thesemodelsinvolve thesolutionof trans-

port equationsfor eachof the independentReynoldsstresscomponents.Thetransportequationsfor

theReynoldsstressareof thefollowing form:

Duiu j

Dt
= Pi j + di j + ei j + f i j (1.6)

wheretermson the right-hand-sidearerespectively: production,Pi j , diffusion, di j , dissipation,ei j ,

and a term known as the “pressure-strain”or “redistribution”, f i j . The productionterm is calcu-

lated in its exact form anddoesnot requiremodelling. The effect of the pressure-strainterm is to

redistribute energy amongthe normalstresseswhilst usuallyactingasa sink for the shearstresses.

Becausef i j haszerotrace,it doesnotappearin theturbulentkineticenergy equationusedin simpler

two-equationmodels(which is derivedfrom thetransportequationfor uiu j ). In additionto improved

modellingof �o w curvatureandReynoldsstressanisotropy, DSM'sareableto accountfor thehistory

of theReynoldsstresses,which is importantin rapidly developing�o ws. For example,in aninitially

anisotropicturbulence�eld which hasits meanstrain-ratesuddenlysetto zero,two-equationmodels

predictan instantaneousreturnto isotropy whereasexperiments(anddifferentialstressmodels)pre-

dict amoregradualchange.A review of recentdevelopmentsin differentialstressmodelsis givenby

leadingresearchersin [25]. Whilst thesemodelsoffer thegreatestsophisticationof currentone-point

closures,they arecostlyto use,requiringthesolutionin 3-D of 11 transportequationsratherthanthe

6 usedby two-equationmodels.Moreover, themodelsarecomplex to implementandcomputations

cansometimessuffer from numericalinstability.

Non-linearEddy-ViscosityModels(NLEVMs) have beendevelopedasa compromisebetween

the simplelow-cost linear schemesandthe moreaccuratebut expensive DSMs. In a NLEVM, the

Reynoldsstressis calculatedfrom analgebraicexpressionwhich includeslinear, quadraticandsome-

timeshigher-ordercombinationsof strain-rate(S) andvorticity (W). A numberof approacheshave

beenadoptedin developingNLEVMs. The�rst methodtakesaDifferentialStressModelandsimpli-

�es thetransportequationsfor theReynoldsstressusingthe“weakequilibriumassumption”[26]:

D
Dt

uiu j =
uiu j

k
Dk
Dt

+ k
D
Dt

�
uiu j

k

�

| {z }
(1.7)

whereD=Dt representscombinedconvectionanddiffusionandtheunderbracedtermis assumedzero.
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This resultsin an implicit AlgebraicStressModel (ASM) in which the Reynoldsstressappearson

bothsidesof anexpressioninvolving non-linearfunctionsof strainandvorticity. Differentmethods

have beenusedto obtainanexplicit formula(in theform uiu j = f (S;W)), seefor exampleGatski&

Speziale[27] or Apsley & Leschziner[28]. An alternative morepragmaticapproachto developing

NLEVMs is simply to introducehigher-ordercombinationsof SandWinto theeddy-viscositymodel

andthentunethe constantsfor a wide rangeof �o ws. This approachwasformalisedby Pope[29]

andhasbeenusedby, amongothers,Craft et al. [30] andSpeziale[31]. Somefurtherapproachesto

deriving NLEVM' s have involved Renormalization-Group(RNG) theory[32] andDirect Interaction

Approximation(DIA) methods[33]. Quadraticcombinationsof SandWarenecessaryin NLEVMs

to accountfor Reynoldsstressanisotropy while swirl andcurvatureeffectsareonly accountedfor

by cubic terms(for details,seeSuga[34]). Somemodelshave alsoincorporatedconstraintssuchas

realizability, for instanceSpeziale's quadraticmodel[31] which ensuresthatturbulentkinetic energy

is alwayspositive. In general,NLEVM' s solve transportequationsfor two or threeturbulencepa-

rametersandso,in termsof computingcosts,thesemodelsaremarginally moreexpensive thanlinear

two-equationEVMs but far lessthanDSMs. NLEVMs areunableto accountaccuratelyfor history

effects(sinceconvectionanddiffusionof theindividualReynoldsstresscomponentsarenotmodelled

directly)but neverthelessthesemodelshavebeenshown to performreasonablywell in awidevariety

of complex �o ws [34, 35].

Finally, it shouldbementionedthatdifferentRANS turbulencemodelscanbecombinedto make

two-layeror zonalschemes.Typically a two-equationor higher-ordermodel is usedin the bulk of

the �o w while thenear-wall region is treatedwith a simpler, usuallyalgebraicor one-equation,low-

Reynolds-numbermodel. For example,the zonalmodelof Iacovides& Launder[36] employed a

k� e modelin thehigh-Reregion anda vanDriestmixing-lengthmodelcloseto walls to studythe

�o w aroundpipebends.The two-layerapproachcanoffer savings in computingtimescomparedto

integratingahigh-ordermodelall theway to thewall surface,but therecanbeproblemscouplingthe

two layersin complex �o wsandresultsdependuponthelocationof theboundary.

1.3 Near-Wall Flow Phenomena

Thereis a vastamountof literatureon thestatisticsandstructureof turbulencenearsolid boundaries

(see,for example,thereview articleof Moin & Mahesh[3]). Theobjectof thepresentdiscussionis

notto review thisliteraturebut merelyto identify whatit is aboutturbulent�o w in thenear-wall region

thatcausesproblemsfor turbulencemodellingandto introducesomebasicterminologydescribingthe

near-wall �o w. The sectionbegins by deriving theuniversal“laws of the wall”, which describethe

near-wall velocityandtemperaturepro�les for �o wscloseto equilibrium,afterwhichsomeanalytical

andDNS resultsfor thebehaviour of Reynoldsstressesnearwalls arediscussed.Thedistancefrom

thewall in thesediscussionsis speci�edin termsof wall unitsor y+ values.This is de�ned for simple
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shear�o ws,whereU = U(y), asfollows:

y+ =
Ut y
n

Ut =
r

t wall

r
(1.8)

whereUt is the“friction velocity”, t wall is thewall shearstressandy is thedistancefrom thewall.

Law of the Wall for Velocity

In azero-pressure-gradientfully-developedCouette�o w in whichtherearenostreamwisegradientsof

velocityor stress,thewall-normalvelocity is zerofrom continuityandtheequationfor thestreamwise

meanU-velocitysimpli�es to:
¶
¶y

�
µ

¶U
¶y

� r uv
�

= 0 (1.9)

Integratingthis usingthewall boundaryconditions� r uv= 0 andt = µ¶U=¶y = t wall at y = 0, one

obtains:

µ
¶U
¶y

� r uv= t wall (1.10)

In the thin region immediatelyadjacentto the wall (y+ < 5), termedthe “viscous sublayer”, the

Reynoldsstress(r uv) isnegligible in comparisonto theviscousstress(µ¶U=¶y). IntegratingEquation

(1.10)with (r uv= 0) leadsto anexpressionin which theU-velocity is a linearfunctionof thewall-

normaldistance.This is oftenwritten:

U+ = y+ (1.11)

whereU+ is the dimensionlessstreamwisevelocity given by U + = U=Ut . As one moves further

away from thewall, viscouseffectsdiminishandtheturbulentstressdominates.In thefully turbulent

region, from y+ � 30 to y=d � 0:1 (whered is the boundarylayer thickness),viscousstressesare

negligible in comparisonto theturbulentstressesandEquation(1.10)simpli�es to:

� r uv= t wall (1.12)

Applying themixing lengthhypothesis:

� r uv= r l2
m

�
¶U
¶y

� 2

(1.13)

assuminganequilibriumlengthscale,lm = ky, andintegrating,leadsto thefollowing expression:

U+ =
1
k

lny+ + C (1.14)
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The above formula is known asthe “log-law”. The two constantsk andC areusuallyassignedthe

following valuesfor a smoothwall:

k = 0:41 C = 5:0

However, valuesof k andC given in turbulencemodelling literaturevary by approximately� 8%.

Thelinearandlog-layersdescribedby Equations(1.11)and(1.14)areshown in Figure1.1on semi-

logarithmicaxes.Betweenthetwo regionsis abuffer zone(from approximatelyy+ = 5 to 30)where

the turbulencelevels increaseandviscouseffectsdiminishwith wall-distance.Thecombinedlinear

andlog-laws areoftencollectively termedthe “law of thewall” andthewhole region from thewall

up to the outer edgeof the log-law is called the “inner-layer”. Beyond this region, further from

the wall, is the “outer layer”. Here the velocity-defectlaw is held to apply. This statesthat the

differencebetweenthemeanvelocityandthefree-streamvelocitynormalizedby thefriction velocity,

(U¥ � U) =Ut , is a functiononly of dimensionlesswall-distance(y=d) andis independentof the�uid

properties.However, unlike thelinearandlog-laws, thevelocity in theouterregion is �o w dependent

anda “universal”defectlaw doesnotexist.

Millikan [37] usedanalternative approachto derive thelaw of thewall wherethevelocity pro�le

in theviscoussublayerwasassumedto besolely a functionof thewall-distance(y), thewall shear

stress(t wall ) and �uid properties(r and µ), and not directly dependentupon the boundarylayer

thickness(d) or the free-streamvelocity, (U¥ ). Dimensionalargumentswere then usedto arrive

at Equation(1.11).A similar approachcanbetaken in thelog-layer, wherethe�o w is consideredto

beindependentof �uid properties,U¥ andd. Thelog-law hasalsorecentlybeenderivedusingRapid

DistortionTheory(RDT) [38].

Theexistenceof the law of thewall hasbeencon�rmed by numerousexperimentsandby DNS

simulationsof zeropressure-gradientboundarylayers[21] andchannel�o ws [39, 40]. Thediscrep-

ancy in the valuesof the constantsusedin the log-law may be becauseof low-Reynolds-number

effects,experimental“noise” or perhapsbecausethelog-law is beingassumedto applyover toowide

aportionof the�o w. BothSpalart[21] andMoseretal. [40] whenpresentingtheirDNSdatadiscuss

thestringentcriteria for a true log-law region. Moseret al. alsoassesssomeclaims[41] that in fact

thelog-law is morecorrectlyapower-law pro�le. Bradshaw & Huang[42] discussin somedetailthe

performanceof the log-law in boundarylayersin which therearestrongstreamwisepressuregradi-

ents.They arguethatsimplymodifyingtheconstantsto befunctionsof thelocalshearstress(t ) or its

gradient(¶t=¶y) is unlikely to produceagenerally-applicable wall model,althoughthey alsonotethat

the log-law appears“tenacious”in providing reasonableresultsfor non-equilibrium�o ws in which

its underlyingassumptionsareno longervalid. Someauthorshave employed a moresophisticated

characterizationof thevariousregionsthanthesimpleapproachpresentedabove. For examplePope

[5] identi�es in total sevenoverlappingregions.
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Figure1.1: Schematic"universal"velocitydistribution for asmoothwall (boundaryvaluesshown are
approximate).

Law of the Wall for Temperature

Following on from thelaw of thewall for velocity thereis asimilar law for temperature.Thetemper-

ature,T, is madedimensionlessby the“friction” temperature,Tt , andwall temperature,Twall :

T+ =
(Twall � T)

Tt
Tt =

qwall

r cpUt
(1.15)

In the viscous-dominatedsublayer, the relationshipbetweenT + andy+ is given by Fourier's heat-

conductionlaw:

qwall = � l
¶T
¶y

(1.16)

whichcanbereformulatedas:

T+ = y+ s (1.17)

wheres is themolecularPrandtlnumber(s = µcp=l ) – theratioof a�uid' sability to diffusemomen-

tumto its ability to diffuseheat.Furtherfrom thewall a log-law for temperaturecanbederivedof the

following form (seeCebeci& Bradshaw[43]):

T+ =
1
kh

ln
�
y+ �

+ ch (1.18)

wheretheconstantsaregivenby:

kh = k=s t ch =
1
kh

ln(E) + P
�

s
s t

�
(1.19)
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andtheJayatilleke [44] P-functionis givenby:

P
�

s
s t

�
= 9:24

" �
s
s t

� 3=4

� 1

# �
1+ 0:28exp

�
� 0:007

�
s
s t

���
(1.20)

Thequantitys t is theturbulentPrandtlnumber(de�ned in analogyto themolecularPrandtlnumber

with s t = µtcp=l t ). Usually, thelog-law for temperatureis expressed:

T+ = s t

�
U+ + P

�
s
s t

��
(1.21)

Thetemperaturelog-law is applicablein near-equilibrium�o ws from y+ s � 50 to y=dt � 0:1, where

dt is the thicknessof the thermalboundarylayer. Comparedto the velocity-law, the log-law for

temperatureappearsmoresensitive to streamwisepressuregradients[42].

Near-Wall ReynoldsStressBehaviour

Immediatelyadjacentto thewall, thebehaviour of theReynoldsstresses,k andecanbeobtainedfrom

theasymptoticbehaviour of the�uctuating velocitycomponents,asfollows:

u2 = a2
1y2 + 2a1a2y3 +

�
a2

2 + 2a1a3

�
y4 + ::: (1.22)

v2 = b2
2y4 + ::: (1.23)

w2 = c2
1y2 + 2c1c2y3 +

�
c2

2 + 2c1c3

�
y4 + ::: (1.24)

uv = a1b2y3 +
�
a1b3 + a2b2

�
y4 + ::: (1.25)

wherethea's,b'sandc'sarefunctionsof x, zandtimebut notof y. Dueto continuity, thewall-normal

�uctuating velocity component,v, diesout fasterthanthewall-parallelcomponents,u andw, hence

thewall-normalstressv2 increaseswith y4 whilst thetwo wall-parallelcomponentsu2 andw2 increase

asy2. Theturbulentkinetic energy, k, is givenby:

k =
1
2

�
u2 + v2 + w2

�

=
1
2

h�
a2

1 + c2
1

�
y2 + 2(a1a2 + c1c2) y3 + :::

i
(1.26)

andthedissipationrate,e:

e = n
�

¶u
¶y

� 2

+ n
�

¶v
¶y

� 2

+ n
�

¶w
¶y

� 2

= n
h�

a2
1 + c2

1

�
+ 4(a1a2 + c1c2) y+ :::

i
(1.27)
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Thedissipationrateis therefore�nite at thewall (e= n
�

a2
1 + c2

1

�
wheny = 0 ). Referringbackto the

expressionfor k at thewall (Equation1.26),the�rst-order termsresultin thefollowing expressionfor

e in termsof k:

e= n
�

a2
1 + c2

1

�
=

2nk
y2 (1.28)

At thewall surface,thedissipationrateof turbulenceenergy is balancedby viscousdiffusionof kinetic

energy towardsthewall, whichcanbeexpressed:

n
¶2k
¶y2 = n

¶2
h�

a2
1 + c2

1

�
y2=2

i

¶y2 =
2nk
y2 (1.29)

An approximatepro�le for thenear-wall turbulentkineticenergy production,Pk, in azeropressure-

gradientboundarylayercanalsobeidenti�ed, asfollows: in thelog-layer, theshearstressis approx-

imatelyconstantacrossthenear-wall region andsincethestrain-ratedecreasesas¶U=¶y µ y� 1, the

production-rateof kinetic energy (Pk = r uv¶U=¶y) mustbedecreasingasthedistancefrom thewall

increases.Sinceuv is zeroat thewall surfacethis meansthattheproduction-ratemustreacha maxi-

mumvalueatsomelocationbetweenthewall andthelog-layer. This in�ection pointoccurswhen:

¶
¶y

�
r uv

¶U
¶y

�
= 0 (1.30)

Expandingthis andsubstitutingin Equation(1.10)it is possibleto show thatPk reachesa maximum

valuewhen:

µ
¶U
¶y

= � r uv (1.31)

i.e. whentheviscousandturbulentstressesareequal.This point occursin thebuffer zone,between

thelinearandlogarithmicregionsidenti�ed above.

Detailednear-wall pro�les of theReynoldsstresses,k ande, have beenobtainedby DNS studies

[21, 39, 40]. Pro�les of the turbulenceintensities,u
0
, v

0
andw

0
from Moseret al. [40] for a channel

�o w at threedifferentReynoldsnumbersarereproducedin Figure1.2. The largestcomponent,the

streamwiseu
0
, reachesa peakat approximatelyy+ = 13 beforedecreasingsharplytowardsthewall.

The anisotropy betweenthe threenormalReynoldsstressesis alsoshown. Figure1.3, taken from

Mansouret al. [45], shows thebudgetof the turbulent kinetic energy equationin a channel�o w for

y+ < 150.Awayfrom thewall (y+ > 30) theturbulenceis well approximatedby theassumptionof lo-

calequilbrium(Pk = re). As thewall is approached(y+ < 30), viscousandturbulentdiffusionterms

increaseand�nally at thewall surfacethereis abalancebetweendissipationandviscousdiffusionof

k (asexpressedabove by Equations1.28and1.29).

In order to discernthe rapid changesin turbulenceparametersacrossthe near-wall region, as

shown by the DNS results,it is clearly necessaryto have a re�ned near-wall grid with a numberof

nodeswithin theviscoussublayer. Thealternative wouldbeto useempirically-basedshapefunctions

to representthe changesin velocity, temperatureand turbulenceparametersnearthe wall. In the
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Figure1.2: DNS predictionsof the turbulenceintensityacrossa fully-developedchannel�o w from
Moseret al. [40] in wall coordinates(left) andglobalcoordinates(right). Pro�les for threeReynolds
numbersareshown: Ret = Ut d=n = 590, 395 and180 (whereUt is the friction velocity andd the
channelhalf-width). ThepeakRMS velocitiesgenerallyincreasewith Reynoldsnumber.

following sectionthe implicationsof near-wall grid re�nementarediscussedalongwith the issueof

computationalcostsandtheneedfor effective wall functions.

1.4 Wall Functionsvs.Low-ReModels

In RANS simulationsof turbulent �o ws, therearetwo mainapproachesto thetreatmentof thenear-

wall region: the low-Reynolds-numberapproachandthewall-functionapproach.In the low-Reap-

proach,speciallyformulatedlow-Reynolds-numberturbulencetransportequationsaresolved across

thenear-wall region. Theseincorporatedampingfunctionsthataccountfor the increasingin�uence

of molecularviscosityandthepreferentialdampingof wall-normal�uctuating velocity components

asthewall is approached.A very �ne grid hasto be employed6 in orderto track the rapidchanges

in theturbulenceparametersnearthewall, with typically 10 nodeswithin y+ = 10 andthenear-wall

nodebelow y+ = 1. Provided that the turbulencemodelaccountscorrectlyfor the �o w behaviour,

this approachoffers the greateraccuracy of the two methods.However, the highly elongatedcells

in the near-wall region slow numericalconvergence,CPU costsarehigh andcomputerstoragere-

quirementsare large. The low-Re approachis thereforenot routinely usedfor large andcomplex

industrially-relevantCFD simulations.

The popularalternative is thehigh-Reapproachwhich usesa coarsenear-wall meshso that the

cell adjacentto the wall includesall of the viscoussublayerandpart of the fully-turbulent region

of the boundarylayer (typically at the near-wall node30 < y+ < 300). Transportequationssolved

in themain(high-Re) region of the �o w domainthereforeneglect theeffectsof molecularviscosity.

6To obtain an idea of the physicalthicknessof the viscoussublayer: for �o w over a �at plate at a distanceof one
metrefrom theleadingedgewith a �o w speedof 10ms� 1 (21mph) thefriction velocity is ut � 0:44ms� 1 andthephysical
wall-normalheightcorrespondingto y+ = 5 is: yn = 0:17mm. (c.f. Rautaheimo& Siikonen[46]).
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Figure1.3: Channel�o w turbulent kinetic energy equationbudgettaken from theDNS of Mansour
et al. [45] for a Reynolds number, Re= Ucd=n = 3;300 (whereUc is the centrelinevelocity and
d the channelhalf-width). Pk = production; Tk = turbulenttransport; Dk = viscousdiffusion; ek =
dissipationrate; P k = velocitypressure-gradientterm.

In thecells adjacentto solid boundaries,empirically-basedexpressions(so-called“wall functions”)

areemployed to obtainquantitiessuchaswall shearstresswhich accountfor the in�uence of low-

Reynolds-numbereffectson the �o w nearthewall. This approachis economical,both in computer

storageandCPUtime,with computationsat leastanorder-of-magnitudefasterthanwith thelow-Re

approach.However, theempiricalpro�les of velocity, turbulenceparametersandtemperaturewhich

areusedin standardwall functionsareonly applicablein verysimplenear-wall �o ws andcanleadto

majorerrorsin complex, non-equilibrium�o ws. In addition,thenear-wall grid cannotbesuccessively

re�ned, sinceit is usuallyrequiredto keepthenear-wall nodewithin the log-law region, andresults

canbesensitive to thesizeof thewall-adjacentcell.

A numberof attemptshavebeenmadeover thelast30yearsto generalizewall functionsfor non-

equilibrium�o ws. In themostbasicwall function,the“universal” log-laws describedin Section1.3

areadoptedfor the wall-parallelvelocity andtemperature.Valuesof the turbulenceparametersare

speci�ed at the near-wall node,basedon local-equilibriumassumptions7. Oneof the �rst improve-

mentsuponthistreatment,proposedby Launder& Spalding[48], wasto replacethewall shearstress,

t wall , in thevelocity log-law with theturbulentkineticenergy, k (scalingthevelocitywith k1=2 instead

of the “friction velocity”, (t wall =r )1=2, is crucial in �o ws involving separation,stagnationandreat-

tachment,wherethewall shearstressvanishes).Theturbulentkineticenergy equationin thenear-wall

cell wassolvedusingcell-averagedproductionanddissipationrateswhichwerecalculatedby assum-

ing constantshearstressandalinearturbulentlengthscalevariation
�
k3=2=eµ y

�
acrossthenear-wall

7For instance:k = U2
t =c1=2

µ ande= U3
t =ky, basedon anassumedconstantshearstress

�
t = � r uv= c1=2

µ k
�

andequi-

librium lengthscalel = k3=2=e= cl y (c.f. Grotjans& Menter[47]).
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cell. However, evenin fairly simple�o ws(fully-developedchannelor pipe�o w) theshearstressis not

constant.Chieng& Launder[49] thereforeproposeda wall functionin which thenear-wall cell was

divided into two layers: theviscoussublayerandthe fully turbulent region. In theviscoussublayer

theshearstress,r uv, wasassumedto be zeroandthe turbulent kinetic energy to vary quadratically

with wall distance,whilst in thefully turbulent region bothr uv andk wereassumedto vary linearly.

Sinceat thewall thedissipationrateis givenby e= 2n
�
¶k1=2=¶y

� 2
andk variesquadratically, e was

assumedto take auniformvaluein theviscoussublayer. In thefully turbulentregion,ewasobtained

from assuminganequilibriumturbulencelengthscalevariation,k3=2=e= cl y (thesepro�les aredis-

cussedin detail in Chapter2, seein particularFigures2.2 and2.3). The k-equationwassolved in

thenear-wall cell usingcell-averagedproductionanddissipationrates,andthedissipationrate,e, was

speci�edat thenear-wall node.In orderto locatetheboundaryof theviscoussublayer, theChieng&

Launderwall functionassumedthattheturbulenceReynoldsnumberat theedgeof thesublayerwas

Rv = yvk1=2=n = 20. For �o ws involving strongpressuregradientswheretheshearstressfalls rapidly

with wall distance,a constantvalueof Rv = 20 under-predictstheactualwidth of thesublayer. John-

son& Launder[50] thereforeintroduceda variableviscoussublayerthickness,basedon theratio of

thediffusionof k towardsthewall to therateof dissipationwithin thesublayer. Morerecently, Ciofalo

& Collins [51] proposedmakingthesublayerthicknessa functionof thelocal turbulenceintensity. A

review of theLaunder& Spalding,Chieng& LaunderandJohnson& Launderwall functionscanbe

foundin Acharyaet al. [52] for �o w pasta surface-mounted2-D rib. Performancecharacteristicsof

thethreetreatmentsweremixedanddependedupontheturbulencemodelused(k� e, algebraicstress

or non-lineark� e).

Two wall functionswereproposedby Amano[53]. In the�rst, similarassumptionswereadopted

to theearliertreatments,but insteadof solvingonly thek-equationin thenearwall cell andprescrib-

ing thenodalvalueof e basedon local-equilibriumassumptions,Amanosuggestedsolvingtransport

equationsfor bothk ande in thenear-wall cell usingcell-averagedsourceandsink terms.Thesecond

wall functionproposedby Amanousedathree-layermodel,in whichdifferentpro�les for k andshear

stresswereusedin theviscoussublayer, buffer layerandfully turbulent region. Betterresultswere

obtainedusingthe three-layermodel in an abruptpipe expansionat variousReynoldsnumbers.A

furtherproposalby Grotjans& Menter[47] assumedthatthelocationof thewall, asspeci�edby the

user, wastreatedasthe edgeof the viscoussublayer. This enabledunlimited near-wall grid re�ne-

ment. Wilcox [14, 54] presentedtwo wall functionsfor thek � w model. The�rst wasanalogousto

asimplek� ewall functionbut thesecondincludedpressure-gradienttermswhichWilcox suggested

werenecessaryin orderto obtaingrid-independentresultsfor �o wswith non-zeropressuregradients.

Viegas& Rubesin[55] extendedtheChieng& Launderwall functionfor compressible�o w problems

and,later, Viegaset al. [56] extendedthetreatmentto enablegreater�e xibility of thenear-wall node

location:anapproximatesolutionof theenergy equationwasobtainedin thenear-wall cell to deter-

minethelocal temperatureanddensitypro�les andanadditionalpower-law termwasaddedinto the

logarithmicvelocity pro�le expressionto accountfor wake effects. ResultsusingViegaset al. wall
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function were, for the mostpart, in goodagreementwith low-Remodel solutionsin a numberof

transonicandsupersonic�o ws involving boundary-layerseparationandreattachment.

All of theabove-mentionedtreatmentsrely uponanassumedsemi-logarithmicvelocity andtem-

peraturedistribution in thenear-wall cell. To avoid theselimitations,Smith [57] developeda novel

wall function in conjunctionwith a two-equationk � kl model. The wall function usedsimpli�ed

boundary-layertransportequationsfor momentum,turbulent kinetic energy andinternalenergy, ne-

glectingconvectionandassumingaparabolicturbulentlengthscalepro�le. Thesetransportequations

weresolvednumericallywith two or threeiterationspermain iterationof thesolutionprocess.The

approachwasshown to performwell in a �at-plate �o w, transonicandsupersonic�o ws, anda hy-

personicboundarylayer �o w involving separationand heattransfer. Boyer & Laurence[58] also

developeda wall function which avoided assumptionsof local equilibrium. Their approachused

shapefunctionsto representthevelocity, k ande distribution acrossthenear-wall cell. Theseshape

functionsconsistedof theReichardlaw for velocityandpro�les to matchchannel-�ow DNS datafor

turbulenceparameters,combinedwith four wall scalingfactors.Thescalingfactorswereevaluated

by solvingequationsfor themean-�ow energy andturbulent kinetic energy, incorporatingtermsfor

pressuregradient,production,destruction,diffusionandconvection.Thewall functionwasshown to

reproducechannel�o w pro�les for a rangeof near-wall cell sizes(2:5 < y+ < 100)but theapproach

hasyet to beappliedin morecomplex �o ws.

A ratherdifferentschemeto traditionalwall functionswasdevelopedin themid-eightiesatUMIST.

TheParabolicSubLayer(PSL)approach[59, 60], employeda low-Reynolds-numbermodelusinga

�ne near-wall grid but assumedthe static pressuredistribution to remainconstantin a thin layer

adjacentto thewall. Thepressure-correctionalgorithmwasnot solved in thenear-wall cellsandin-

steadthewall-normalvelocity wascalculatedfrom continuity. Signi�cant savings werereportedin

computingtimescomparedto full low-Resolutionsandresultswereencouragingbut the approach

encountereddif�culties in complex geometrieswith thecalculationof velocity in cornercells.

EffortsatUMIST haverecentlybeenfocussedontwonew andindependentwall treatments.These

sharesomefeaturesof the numericalwall function of Smith, describedabove, and the LES wall

function of Balaraset al. (seebelow). The �rst treatmentis basedon the analyticalintegrationof

themomentumandenergy equations,accountingfor theeffectsof convection,pressuregradientand

buoyancy forces[61]. Inevitably, fairly simpleprescriptionsof turbulent viscosityhave to be made

to allow an analyticalintegration,but encouragingresultshave beenobtainedfor forcedandmixed

convection�o ws in pipesandanopposed-jet�o w involving buoyancy effects.Thesecondtreatment

is the subjectof this thesisand is basedon the ef�cient one-dimensionalnumericalintegrationof

simpli�ed low-Remodelequationsacrossanembeddedgrid within thenear-wall cell.

LES Wall Functions

In LES,asin RANS,therehave beendifferentapproachesto modellingthenear-wall �o w. Themost

accurateapproach(which Spalart[6] refersto as“Quasi-DNS”) uses�ne grid-spacingin all three
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coordinatedirectionsto resolve the near-wall turbulent streaks. This involves hugecomputational

costsandcannotbeusedroutinelyin LEScalculations.Most calculationsthereforeemploy a coarser

grid andcalculatethe wall shearstressfor the nearwall cell usinga variantof the log-law (seefor

example[62]). A notableexceptionis the wall function of Balaraset al. [63] which is mentioned

hereas it sharessomesimilarities to the RANS treatmentpresentedin this thesis. In the Balaras

et al. wall function,an embeddedgrid is de�ned betweenthenear-wall nodeandthe wall. Simpli-

�ed boundary-layer-type transportequationsfor thewall-parallelmomentumaresolvednumerically

acrosstheembeddedgrid, usingamixing-lengthmodelfor theeddy-viscosity, with modi�ed vanDri-

estdamping.The velocity pro�les obtainedacrosstheembeddedgrid areusedto provide themain

LES calculationwith valuesof the instantaneouswall shearstress.Promisingresultswereobtained

by Balarasetal. usingthis treatmentfor planechannel,squareductandrotatingchannel�o wswith a

modestcomputationaloverheadof 10-15%comparedto existing log-law treatments.

1.5 Study Objectives

Theobjective of thework presentedin this thesisis to developandtesta new wall functionfor �o w

calculationsusingRANSturbulencemodels.Theidealpropertiesof thewall functionareasfollows:

� Accuracy: thewall functionshouldbepracticallyasaccurateasalow-Reynolds-numbermodel.

One cannotexpect it to improve upon low-Re model predictionswithout embodyingmore

physicsor empiricism.

� Computational Speed: currentwall functionsdecreasethe computingtime by roughly an

order-of-magnitudecomparedto low-Re calculations8. Thereneedsto be a signi�cant time

advantagein usingthe new wall function over low-Retreatmentsalthoughprobablythe best

onecouldhopefor wouldbeto equalthecurrentstatusquo.

� Robustness: thewall functionshouldnot impair thenumericalstabilityof thecalculation.

� Flexibility : bearingin mind thewide varietyof �o ws in which industrialusersareinterested,

thewall functionshouldbeableto beadaptedeasilyto work with differentturbulencemodels,

to includeheatandmasstransfereffectsandto work in complex geometry.

� Easeof Use: it shouldbeconceptuallyeasyto understandandsimpleto implement.It should

also follow as closely as possiblethe format of existing wall functionsto make it straight-

forwardto switchfrom standardwall functionsto thenew treatment.

8The saving in computingtime onecanachieve in switchingfrom a low-Remodelapproachto usingwall functions
dependsupon many factors. The most signi�cant of theseis the numberof walls comparedto the domainsize. The
stated�gure of an“order-of-magnitude”decreasein computingtime is basedon a �o w involving a singlewall, suchasthe
impingingjet �o w, discussedlater. In �o ws involving a largernumberof walls for thesamedomainsizeonewould expect
to seea greaterdecreasein computingtime.
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� Validation: It is easyto make codingmistakesand,if possible,thereshouldbesimpleroutes

to validatingthewall functioncode.

In order to test the performanceof the new wall function, a variety of �o ws arestudied: channel,

impinging jet, spinningdisc andsimpli�ed car-body �o ws. The �nal �o w aroundthe “Ahmed” car

body is a demandingtest-caseboth in termsof implementationandperformance:the wall function

hasto be codedto suit a three-dimensionalnon-orthogonalmultiblock grid arrangementwhile the

�o w involvesimpingement,strongstreamlinecurvature,separationandpossiblyreattachment.The

Ahmedbody�o w is recognizedasanimportanttest-caseandhasbeenthesubjectof two ERCOFTAC

workshops9.

In eachof the �o ws examined,theperformanceof thenew wall function is comparedto thatof

standardwall functionsandlow-Remodeltreatments(with theexceptionthattheAhmedbodyis not

consideredusinglow-Remodelsbecausethecomputingresourcesfor suchacalculationarecurrently

unavailable).Computingtimesarealsocomparedfor eachof thetreatmentsin eachof the�o ws.

A secondaryobjective of the currentwork is to examinethe performanceof the two-equation

NLEVM of Craft et al. [30]. This haspreviously beentestedin impinging �o ws by Suga[34] but

for slightly differentgeometry. Robinson[35] alsotestedtheNLEVM in a varietyof complex �o ws,

includingtheAhmedbody�o w, althoughhisstudydid notemploy thenew wall function.

1.6 Outline of Thesis

The RANS equationsand“standard”wall functionsusedin thenumericalsimulationsare�rst pre-

sentedin Chapter2. Following this, in Chapter3, the main featuresof the two CFD codesusedin

thecurrentstudy, TEAM andSTREAM,arepresented.Chapter4 introducesthenew subgrid-based

wall function.Theassumptionsusedin its derivationsare�rst presented,followedby anoverview of

the transportequations,its implementationand�nally somecommentson thevalidationof thewall

functionin asimplechannel�o w. Thefollowing threechaptersthenpresentthetestcasesto whichthe

new wall functionhasbeenapplied:theimpingingjet, thespinningdiscandtheAhmedbody�o ws.

Eachof thesechaptersbeginswith anintroductionandareview of previoussimulations,beforegoing

on to presentresultsandcomparisonsof thenew wall function's performance.Themain �ndings of

thethesisaresummarizedin Chapter8.

A signi�cant proportionof this thesisconsistsof appendices.The �rst appendixpresentsthe

full setof transportequationsusedin axisymmetricswirling �o w. This is followed by an appendix

giving a generalintroductionto non-orthogonalcurvilinearcoordinates.This introductionhasbeen

includedsincemostundergraduateandevenpost-graduatecoursesin �uid mechanicsavoid thecom-

plexity of covariantandcontravarianttensoranalysis,which is usedto derive theRANS equationsin

9the 9th ERCOFTAC-IAHR-COSTWorkshopon Re�ned TurbulenceModelling, Darmstadt,Germany, October4-5,
2001 and 10th ERCOFTAC-IAHR-QNET/CFDWorkshopon Re�ned TurbulenceModelling, Poitiers,France,October
10-11,2002.
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non-orthogonalcurvilinearcoordinates.It is theauthor's experiencethattextbookson thesubjectare

alsonot, in general,accessibleanddifferentnotationis oftenusedin differenttexts. After this intro-

duction,AppendixC presentstheRANS equationsin curvilinearcoordinates,wherevelocity vectors

arealignedto the curvilinearcoordinateaxes. The UMIST-N wall function transportequationsin

curvilinearcoordinatesarethenpresentedin AppendixD. AppendixE describestheimplementation

of the UMIST-N wall function in the STREAM code. AppendixF presentsthe main-gridtransport

equationssolved in STREAM. Finally, AppendixG discussesa numberof routeswhich have been

investigatedin thecourseof developingthenew wall functionwhich, for onereasonor another, have

beenfoundnot to work. This informationhasbeenincludedin orderto fully documentthework, to

helpexplain thecurrentchoiceof optionsusedin thewall functionandto serveasaguideto its future

development.

Figureshave beenincludedin amongstthetext wherepossiblesothatthereaderdoesnothave to

continually�ick betweenpages.However, mostcomputationalgridsandresultshave beenplacedin

aFiguressectionat theendof thethesisto avoid thetext beingsplit overmany pages.


